This paper presents analytical expressions for the signal-to-interference ratio (SIR) and the spectral efficiency in macrocellular networks with massive MIMO conjugate beamforming, both with a uniform and a channel-dependent power allocation. These expressions, which apply to very general network geometries, are asymptotic in the strength of the shadowing. Through Monte-Carlo simulation, we verify their accuracy for relevant network topologies and shadowing strengths. Also, since the analysis does not include pilot contamination, we further gauge through Monte-Carlo simulation the deviation that this phenomenon causes with respect to our results, and hence the scope of the analysis.
uniform and a channel-dependent power allocation, and for different alternatives concerning the number of users per cell. The derived expressions apply to very general network geometries in the face of shadowing. These expressions allow:
• Testing and calibrating system-level simulators, e.g., determining how many cells need to be featured for desired levels of accuracy in terms of interference.
• Gauging the impact of parameters such as the path loss exponent.
• Optimizing the number of active users as a function of the number of antennas and the path loss exponent.
• Assessing the benefits of a channel-dependent power allocation.
At the same time, the analysis is not without limitations, chiefly that pilot contamination is not accounted for. We explore this aspect by contrasting our analysis with simulation-based results that include the contamination, thereby delineating the scope of our results.
II. NETWORK MODELING
We consider a macrocellular network where each base station (BS) is equipped with N a 1 antennas while users feature a single antenna.
A. Large-scale Modeling
The BS positions form a stationary and ergodic point process Φ b ⊂ R 2 of density λ b , or a realization thereof, say a lattice network. As a result, the density of BSs within any region converges to λ b > 0 as this region's area grows [23] . In turn, the user positions conform to an independent point process Φ u ⊂ R 2 of density λ u , also stationary and ergodic. Altogether, the models encompass virtually every macrocellular scenario of relevance.
Each user is served by the BS from which it has the strongest large-scale channel gain, and we denote by K the number of users served by the th BS.
The large-scale channel gain includes path loss with exponent η > 2 and shadowing that is IID across the links. Specifically, the large-scale gain between the th BS and the kth user served by the lth BS is (l,k) χ ,(l,k) , l ∈ N 0 , k ∈ {0, . . . , K l − 1},
with L ref the path loss intercept at a unit distance, r ,(l,k) the link distance, and χ ,(l,k) the shadowing coefficient having standard deviation σ dB and satisfying E χ δ < ∞, where we have introduced δ = 2/η.
Without loss of generality, we declare the 0th BS as the focus of our interest and, for notational compactness, drop its index from the scripting. For the large-channel gains, for instance, this means that:
• G 0,(l,k) = G (l,k) relates the BS of interest with the kth user served by the lth BS.
• G ,(0,k) = G ,(k) relates the th BS with the kth user served by the BS of interest.
• G 0,(0,k) = G (k) relates the BS of interest with its own kth user.
• K 0 = K is the number of users served by the BS of interest.
The same scripting and compacting is applied to other quantities.
Let us consider an arbitrary user k served by the BS of interest. It is shown in [23] - [25] that, as σ dB → ∞, irrespective of the actual BS positions, the propagation process from that user's vantage, specified by {1/G ,(k) } ∈N 0 and seen as a point process on R + , converges to what the typical user-e.g., at the origin-would observe if the BS locations conformed to a homogeneous PPP on R 2 with density λ b . Moreover, by virtue of independent shadowing in each link, as σ dB → ∞ the propagation process from the vantage of each user becomes independent from those of the other users. Relying on these results, we embark on our analysis by regarding the propagation processes 1/G ,(k) ∈N 0 k = 0, . . . , K − 1
as IID and Poisson, anticipating that the results be applicable under relevant network geometries and realistic values of σ dB ; this is validated in Section IX.
B. Number of Users per BS
The modeling of {K } is a nontrivial issue. Even in a lattice network with equal-size cells, and let alone in irregular networks, disparities may arise across BSs because of the shadowing and the stochastic nature of the user locations.
In the absence of shadowing, the users served by a BS are those within its Voronoi cell, and their number-conditioned on the cell area-is a random variable with mean λ u times the cell area; for instance, it is a Poisson random variable if Φ u is a PPP [14] . Depending on how the cell area is distributed, then, the distribution of the number of users per cell can be computed.
For instance, if Φ u is PPP, such number in a lattice network is Poisson-distributed with mean for an irregular network with PPP-distributed BSs, the corresponding distribution is computed approximately in [26] , [27] .
With shadowing, a user need not be served by the BS in whose Voronoi cell it is located.
Remarkably though, with strong and independent shadowing per link, a Poisson distribution with mean λ u /λ b turns out to be a rather precise model-regardless of the BS locationsfor the number of users per BS. This is because, as the shadowing strengthens, it comes to dominate over the path loss and, in the limit, all BSs become equally likely to be the serving [14] .
In accordance with the foregoing reasoning, which is formalized in [28] , we model {K } ∈N 0 as IID Poisson random variables with mean E[K ] =K = λ u /λ b . Noting that the unbounded tail of the Poisson distribution needs to be truncated at N a , because such is the maximum number of users that can be linearly served by a BS with N a antennas, our analysis is conducted with Poisson {K } ∈N 0 and subsequently we verify the accuracy against simulations where the truncation is effected (see Examples 10 and 12). For the BS of interest specifically, we apply the Poisson PMF (probability mass function)
whose corresponding CDF (cumulative distribution function) is
where Γ(·, ·) is the upper incomplete gamma function.
C. Small-scale Modeling
Let us focus on the local neighborhood of the kth user served by the BS of interest, wherein the large-scale gains {G ,(k) } ∈N 0 apply. Without loss of generality, a system-level analysis can be conducted from the perspective of this user, which becomes the typical user in the network once we uncondition from {G ,(k) } ∈N 0 .
Upon data transmission from the BSs, such kth user observes
where H ,(k) ∼ N C (0, I) is the (normalized) reverse-link N a × 1 channel vector, H * ,(k) is its forward-link reciprocal, and v k ∼ N C (0, σ 2 N ) is AWGN. The N a × 1 signal vector x emitted by the th BS, intended for its K users, satisfies E x 2 = P where P is the per-base transmit power.
III. CONJUGATE BEAMFORMING TRANSMISSION
The signal transmitted by the th BS is
where P ,k is the power allocated to the data symbol s ,k ∼ N C (0, 1), which is precoded by F ,k and intended for its kth user. The power allocation satisfies
and, with conjugate beamforming and an average power constraint,
whereĤ ,( ,0) , . . . ,Ĥ ,( ,K −1) are the channel estimates gathered by the th BS from the reverselink pilots transmitted by its own users.
Bringing (5) and (6) together, the kth user served by the BS of interest observes
whose first and second terms contain, respectively, the same-BS and other-BS transmissions. 6 
IV. SIR
We consider receivers reliant on channel hardening [1] , whereby user k served by the BS of interest regards E H * (k) F k as its precoded channel, with the expectation taken over the smallscale fading. The fluctuations of the actual precoded channel around this expectation constitute self-interference, such that (9) can be elaborated into
and the SINR is
As indicated, the analysis in this paper ignores pilot contamination. It follows that, in interferencelimited conditions (σ 2 N /P → 0), the conjugate beamforming precoders at BS are
from which
and var H *
while, likewise, for both = 0 and > 0,
Altogether, in interference-limited conditions,
which, invoking (7) , further reduces to
The foregoing ratio of channel gains can be seen to equal
with
being the local-average SIR in single-user transmission [19] . Hence, (21) can be rewritten as
Two different power allocations, meaning two different formulations for P k /P , are analyzed in this paper; the corresponding SIRs are presented next.
A. Uniform Power Allocation
With a uniform power allocation, P k = P/K and 
B. Equal-SIR Power Allocation
Alternatively, the SIRs can be equalized by setting [29] 
=
The ensuing SIR, common to all the users served by the BS of interest, equals
Introducing the harmonic mean of ρ 0 , . . . , ρ K−1 , namely
we can rewrite (30) as
Having formulated the SIRs for given large-scale link gains, let us next characterize the system-level performance by releasing the conditioning on those gains.
V. SPATIAL DISTRIBUTION OF ρ k
As the SIR formulations in (27) and (30) indicate, a key ingredient is the distribution of
To characterize this distribution, we capitalize on results derived for the typical user in a PPP-distributed network of BSs [18] , [19] , in accordance with the PPP convergence exposed in Section II-A. Specifically, ρ 0 , . . . , ρ K−1 are regarded as IID with CDF F ρ (·), where ρ is the local-average SIR of the typical user in such a network [18] , [19] . For our analysis in the sequel, we employ a slightly simplified version of the result in [19, Eq. 18 ] as presented next. Table I 
Lemma 1. [19] Define s < 0 as the solution-common values are listed in
whereΓ(·, ·) is the lower incomplete gamma function. The CDF of ρ satisfies
where " " indicates asymptotic (θ → 0) equality while
with 2 F 1 the Gauss hypergeometric function. Setting
we ensure F ρ
2+
= F ρ 1 2 and the CDF can be taken as constant therewithin.
As an alternative to the foregoing characterization, an exact but integral form can be obtained for F ρ (·).
where {·} denotes imaginary part and 1 F 1 is the confluent hypergeometric or Kummer function.
Proof. See Appendix A.
While the results in the sequel are derived using either Lemma 1 or Lemma 2, there is yet another useful alternative, namely computing F ρ (·) via an approximate numerical inversion of
Equipped with the foregoing tools, let us proceed to characterize the spatial distribution of the SIRs in (27) and (30) .
VI. SPATIAL SIR DISTRIBUTIONS WITH FIXED K
To begin with, let us characterize the SIR distributions for a fixed number of served users. Besides having their own interest, the ensuing results serve as a stepping stone to their counterparts for K conforming to the Poisson or to any other desired distribution.
A. Uniform Power Allocation
Starting from (27), we can determine the CDF of SIR Unif k as
which depends on N a and K only through their ratio, N a /K. Now, invoking Lemmas 1-2, we can express the SIR distribution for the typical user in a massive MIMO network with fixed K and a uniform power allocation.
with constant value within Na/K 3+ , Na/K 3 . Alternatively, the CDF can be computed exactly as
With either of these expressions, one can readily compute the percentage of users achieving a certain local-average performance for given N a /K and η. Furthermore, one can establish minima for N a /K given η and given some target performance at a desired user percentile.
In order to ensure that no more than 3% of users experience an SIR below 0 dB, it is required that N a /K ≥ 5.
B. Equal-SIR Power Allocation
From (32), the CDF of SIR Eq can be expressed as
where, recall, ρ K is the harmonic mean of ρ 0 , . . . , ρ K−1 .
While an explicit expression such as (40) seems difficult to obtain for F SIR Eq (·), an integral form similar to (41) is forthcoming.
Proof. See Appendix C.
What can be established explicitly is that, as N a , K → ∞ with ratio N a /K,
which follows from
where (47) is established in [30] .
Example 2. F SIR Eq (·) and F SIR Unif k (·) are compared in Fig. 1 
A. Uniform Power Allocation
The expectation of (40) in Prop. 1 over (3) yields the following result.
where B δ (·) is as per (35) . Exactly,
Proof. See Appendix D.
For N a ,K → ∞ with fixed N a /K, it can be verified that N a /K → N a /K with convergence in the mean-square sense, and therefore in probability. As a consequence, SIR Unif , which depends on N a and K only through their ratio, progressively behaves as if this ratio were fixed at N a /K despite the Poisson nature of K. This behavior is clearly in display in Fig. 2 , where F SIR Unif k (·) can be seen to approach its value for fixed K =K.
B. Equal-SIR Power Allocation
In this case, we expect the expression in Prop. 2 over (3) to obtain the following. 
Proof. See Appendix E.
Again, because of the convergence N a /K → N a /K for N a ,K → ∞, SIR Eq hardens to its fixed-K value with K =K. In this case, this corresponds to N a (1 − δ)/K as demonstrated in 
VIII. SPECTRAL EFFICIENCY
With each user's SIR stable over its local neighborhood thanks to the channel hardening, the spectral efficiency of the typical user is directly
and the spatial distribution thereof can be readily obtained as
for each setting considered in the foregoing sections. From its user spectral efficiencies, the sum spectral efficiency at the BS of interest can be found as
which is zero whenever the BS serves no users.
Explicit expressions for the spatial averages of the user and the sum spectral efficiencies, Proof. See Appendix F.
For the special case of η = 4, i.e., for δ = 1/2, Prop. 5 reduces tō
thanks to 1 F 1 1, 1/2, z ≡ 1 + e z √ πz erf √ z, an equivalence that is further applicable in the characterizations that follow.
Since the denominator of the integral's argument in (58), and more generally in (57), is strictly positive for z ≥ 0, we can deduce by inspection thatC Unif shrinks if we increase K with a fixed N a , i.e., if we add more users with a fixed number of antennas. However, this reduction is sublinear in K and thusC Unif Σ grows as we add more users. Thus, K should be set to the largest possible value that ensures an acceptable performance for the individual users-recall Example 1-and the corresponding average performance for both individual users and cells can then be readily computed by means of (57) or (58). Expecting the spatially averaged user spectral efficiency in (57) over K, via the Poisson distribution in (3), we obtain
The corresponding spatial average of the sum spectral efficiency, recalling (56), is 
In turn, the average sum spectral efficiency with expectation over (3) becomes For the reader's convenience, the results from Examples 7-8 are brought together in Table   II , alongside the 3%-ile user spectral efficiencies from Examples 4-5. Not surprisingly, with an equal-SIR power allocation, the 3%-ile user spectral efficiency improves significantly, but the 
IX. APPLICATION TO RELEVANT NETWORK GEOMETRIES
Let us proceed to verify, via Monte-Carlo, that the analytical results in the foregoing sections closely abstract the performance of network geometries of interest with practical values for the shadowing standard deviation. The number of network snapshots is chosen to ensure a 95% confidence interval of ±0.07% (absolute value) in the CDFs, which at the median corresponds to at most ±0.06 dB in SIR.
A. Hexagonal Lattice Networks
Let the BS locations Φ b conform to a hexagonal lattice. In the following examples, Monte-Carlo results are generated for the users served by the BS at the center of a lattice of 499 hexagonal cells. The closeness of our analytical abstractions (which correspond to σ dB → ∞) to the behaviors with typical outdoor values of σ dB is conspicuous, similar to the corresponding observation made in the context of nonmassive single-user communication [19] . For σ dB = 10 dB, with either power allocation and regardless of whether K is fixed or a truncated Poisson random quantity, the performance in a hexagonal network is within 1 dB of our analytical characterizations.
Furthermore, recalling that F SIR Unif k (·) depends on N a and K only via N a /K, the examples for a uniform power allocation correspond verbatim to any N a and K related by a factor of 10.
We further note that Example 10 confirms the negligible loss in accuracy incurred by conducting the analysis with a pure Poisson distribution for K, rather than the actual truncated distribution.
B. Poisson Networks
For an irregular deployment of BSs and the ensuing variability in cell sizes, let us consider a network where the BS locations are themselves PPP-distributed. Specifically, we consider The interference-limited regime reflects well the operating conditions of mature systems, justifying our SIR-based analysis with thermal noise neglected. Nevertheless, for the sake of completeness, we herein corroborate that noise does not significantly alter the applicability of our expressions.
The signal-to-interference-plus-noise ratio (SINR) at the kth user can be formulated as [11, Sec. 10.5.1]
where SNR is the ratio between the forward-and reverse-link signal-to-noise ratios and the reverse-link pilots are assumed not to be power-controlled. With a uniform power allocation, the SINR specializes to
where, recall, ρ k = G (k) / =0 G ,(k) . In turn, with an equal-SINR power allocation, Fig. 7 alongside their SIR counterparts replotted from Fig. 6 .
As in the foregoing example, an excellent match between the SINRs and SIRs is observed for all other cases reported in the paper.
XI. IMPACT OF PILOT CONTAMINATION
Finally, in order to gauge the deviations with respect to our solutions that pilot contamination may cause, we contrast those solutions with simulations that do incorporate contamination. For 
where the reverse-link pilots are again assumed not to be power-controlled. With a uniform power allocation, and with a fixed K in all the contaminating cells, the above expression specializes to while, with an equal-SIR power allocation,
. For L = 7, and even for L = 4, the contamination has a very minor effect. Our analysis is therefore applicable provided these reuse factors are feasible, and that is indeed the case for the number of antennas we have entertained. For a typical fading coherence of N c = 1000 symbols, which is reasonable worst-case 1 , the pilot overhead equals KL/1000. For values of K corresponding to N a = 100 or even N a = 200 antennas, such overhead is acceptable.
XII. SUMMARY
While formally derived for interference-limited networks devoid of pilot contamination and asymptotic in the shadowing strength, the expressions presented in this paper are broadly applicable as confirmed by a multitude of examples. This broad applicability of the analysis makes its extension to other transmit and receive strategies, power allocations, user association policies, and even channel conditions, highly desirable.
APPENDIX A PROOF OF LEMMA 2
Capitalizing on the fact that the characteristic function, ϕ X (ω) = E[e iωX ], can be inverted as per the Gil-Pelaez theorem [32] to compute
we write F ρ (θ) = P 1 − θ/ρ < 0 (75) where t = (A + i2πq)/2 while D 0 = 2 and D q = 1 for q ≥ 1, and recall that L 1/ρ (·) is in (82). In turn, the parameters A, B and Q control the accuracy of the approximation. Suggested values for numerical Laplace transform inversions with many digits of precision are A = 18.4, B = 11 and Q = 15 [35] . Following the recommendations of [36] for a 4-digit accuracy, a more relaxed-but still plentiful for our purposes-precision target, we obtain A = 9.21 and B = 5, with Q as large as possible; as it turns out, moderate values of Q suffice to yield error levels that are negligible. 
with (89) and (90) holding, respectively, because of the IID nature of ρ 1 , . . . , ρ K and from (82).
APPENDIX D PROOF OF PROPOSITION 3
Noting that the user's SIR is a valid quantity only for K ≥ 1, i.e., when the BS has at least one user, the CDF of SIR Unif k with Poisson-distributed K becomes
where (92) holds because F SIR Unif k |K=k (θ) = 1 for θ ≥ N a /k while (93) follows from the application of (3)-(4). Further applying, in (93), the explicit form for F SIR Unif k |K=k (·) from (40) returns (50).
Alternatively, plugging (41) into (93) yields (51). 28 
APPENDIX E PROOF OF PROPOSITION 4
Following arguments similar to those used to write (91), F SIR Eq (·) with a Poisson-distributed K is computed as
where we recalled the expression for F SIR Eq |K=k (·) from (44) while invoking (3)-(4). The claimed result appears in (95).
APPENDIX F PROOF OF PROPOSITIONS 5 AND 6
With a uniform power allocation and a fixed K, 
